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Abstract. We construct new examples of Kobayashi hyperbolic hypersurfaces 
in P"* . They are generic projections of the triple symmetric product V — C{3) 
of a generic genus g > 6 curve C , smoothly embedded in P^. 
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Introduction 

Given a generic smooth projective curve C of genus g over C , we consider the 
threefold symmetric product T := C(3) of C . It is known that T is Kobayashi 
hyperbolic if and only if g > 5 ShZal , Cor. 3.3]. Recall that by Brody's Theorem 
|Brj . a projective algebraic variety X is Kobayashi hyperbolic (or simply hyperbolic) 
if there is no non-constant holomorphic map f : C ^ X . 

We suppose that T is embedded in P*" for some m . We notice that, since the 
irregularity of T is q{T) := h^{T, Ot) = g , a. well known theorem of Barth-Larsen 
BaLal Thm. 1] ensures that m > 6 as far as g > 1 . Actually, if one believes to 
Hartshorne conjecture (see |LaVej ). then m > 7 . 

We consider the projection vr : P™' --^ P^ from a general subspace 11 C P™- 
of codimension 5 , and we let T' be the image of T under vr , so that T' is a 
hypersurface in P'^ birational to T . Our main result in this paper is the following 
theorem: 
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Theorem 0.1. // a genus g curve C with g > 7 is neither hyperelliptic nor 
trigonal and the jacobian J{C) is simple, then a generic projection T' to of 
the threefold symmetric product T = C{3) of C , arbitrarily embedded into P™ as 
a threefold of degree d , is a hyperbolic hypersurface in P^ of degree d . The same 
conclusion holds for a certain special embedding T = C{3) ^ in the case where 
C is a general plane quintic ( g = 6, d = 125 ). 

It is known |Br| IZaj that hyperbohcity for projective hypersurfaces is an open 
property. Thus small deformations of T' are again hyperbolic. Consequently, the 
above theorem enables us to conclude that a very general hypersurface of degree 
d = degT in P^ is algebraically hyperbolic, that is it does not contain neither 
rational and elliptic curves, nor abelian surfaces (see e.g., |C1HIC12( IPaH IFa2l I Vol IKaj 
and the references therein for related results and optimal degree bounds). 

Theorem 10.11 extends to P^ a similar construction from jShZalj of hyperbolic 



surfaces in P'^ birational to symmetric squares of curves. Concerning other explicit 
constructions of Kobayashi hyperbolic projective hypersurfaces, see e.g., |ShZa21 
IShZaSj and the literature therein. 

The proof is divided as follows. In ^ we reduce the proof of hyperbohcity of T' 
to that of algebraic hyperbolicity of the double surface 5" of T' . In ^ we show 
that the only rational or elliptic curves in S' could be irreducible components of the 
triple curve T' of T' . This is based on a technical result, of independent interest, 
on deformations of hyperelliptic and bielliptic curves inside abelian varieties which 
generalizes an earlier one due to Pirola [Pi]. In ^we exclude the possibility that 
r' contains rational or elliptic components, thus completing the proof that S' is 
algebraically hyperbolic. We believe that a study of the triple curves here deserves 
to be done on its own right. Finally, in ^we discuss the problem of finding, for a 
given curve, projective embeddings of its symmetric products. 

The lowest degree of a hyperbolic threefold T' in P^ that we can find with 
our methods is 125 , attained by the threefold symmetric product T of a general 
plane quintic, naturally embedded in P^ . Examples of lower degree can be found 
in [ ShZa2j . Our approach here is mainly geometrical and exploits only minimum 
of analysis. Essentially, the only analytical fact we need is the Bloch Conjecture 
(see e.g., §9 of [De]). Notice that the proofs in )ShZa2j depend heavily on the value 
distribution theory. 

1. First part of the proof: redugtion to the hyperboligity of the 

double surfage 

In this section we go on keeping the conventions and the notation introduced 
above. Namely C is a general curve of genus g>5 i.e., C is neither hyperelliptic 
nor trigonal and J{C) is simple. We frequently use below the following elementary 
observation. 

Lemma 1.1. For a curve C as above, the threefold symmetric product T = C{3) 
does not contain curves of geometric genus < g . 

Proof. Since C is neither hyperelliptic nor trigonal the Abel-Jacobi map a : T = 
C(3) J{C) is injective. Moreover, as J{C) is supposed to be simple the image 
Ci{E) C J{C) of a curve E <ZT cannot be of geometric genus < g . □ 
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In particular, C as above does not admit a 2:1 or a 3:1 map onto a curve 
of smaller genus. 

1.2. We suppose that T = C(3) is embedded in , and we let T' be the general 
projection of T to . We notice that T' is singular. We will not describe in 
full details the singularities of T' here. However, if one takes into account the 
description of the singularities of the generic projection to P^ of a non-degenerate, 
smooth surface in P™' , m > 5 (see |Moj . p. 60), one can see that: 

{%) Sing(T') is an irreducible surface S' whose general point is a double point of 
T' with tangent cone formed by two distinct hyperplanes; 

iii) there is a curve V C S' (possibly reducible or empty) such that a general 
point of any irreducible component of V is a triple point of T' with tangent cone 
formed by three independent hyperplanes. A general point of any component of 
r' is a triple point for S' , with tangent cone formed by three independent planes 
meeting along the tangent line to V at that point; 

{in) there is a curve A' C S' (possibly reducible or empty) such that a general 
point of any irreducible component of A' is a double point of T' with tangent cone 
formed by a hyperplane counted twice. A general point of any component of A' is 
smooth for S' ; 

{iv) worse singularities for T' and S' occur at isolated points. 

Remark 1.3. If H is a general hyperplane in P'" containing the centre of projection 
n then the restriction 7r\H projects generically the hyperplane section T fl if to 
P3 . If H' := tt{H) C p4 then Sing(7r(T n if)) = S'nH' is the double curve of the 
surface 7r(T fl H) = T' (1 H' . Furthermore, T' fl H' consists of the triple points of 
T' n H' , whereas A' fl H' consists of its pinch points. This yields (i) — (iv) . 

1.4. We denote by S the pull-back of S' via vr . Again we will not describe in 
full details S and the induced map tt : S ^ S' . We notice that vr : S" — S" is 
finite of degree 2 , and S , as well as S' , is singular. Indeed, if T is the pull- 
back of r' via TT , the surface 5* is singular along F having, at a general point of 
any irreducible component of F , a double point with tangent cone formed by two 
distinct planes meeting along the tangent line to F at that point. We consider the 
following diagram: 



s - 


^ s - 


s ^ 


T - 


P"* 


i 


i 








S' - 




^ S' ^ 


T' - 


p4 



where S S [resp. S" — S" ] is a normalization morphism, S S [resp. 
S" — > 5" ] is a minimal desingularization, and the vertical arrows S S' and 
S —>■ S' are induced by tt . Notice that n : T ^ T' is also a normalization 
morphism. 

The following lemma reduces the proof of Theorem ID. II to establishing hyperbol- 
icity of 5" rather than that of T' . 

Lemma 1.5. In the above setting, T' is hyperbolic if and only if S' is hyperbolic. 
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Proof. If T' is hyperbolic, of course so is S' ^ T' . Conversely, suppose S' is 
hyperbolic whereas T' is not. Let f : C ^ T' be a non-constant holomorphic 
map. Then /(C) is not contained in S' , and therefore / can be lifted to a non- 
constant holomorphic map f : C —>■ T . But since T is hyperbolic (see Corollary 
3.3 of |ShZalj ). we arrive at a contradiction. □ 

Next we reduce the proof of hyperbolicity of S' to that of algebraic hyperbolicity 
of S' . The latter means that S' does not contain neither rational nor elliptic 
curves ^ or, equivalently, that every morphism f : E S' , where E is an elliptic 
curve, must be constant. This is based on the following lemma. 

Lemma 1.6. The irregularity of S' is q{S') > g > 5 . 

Proof. Let a; be a general point of 5" , and let Tr~^{x) = {xi,X2} with xi X2 ■ 
Fix an Abel-Jacobi map a : T J{C) , and consider the point yx '■= a{xi)+a{x2) ■ 
Thus we have a rational map S' 3 x i — > y^ G J{C) , which determines a rational 
map, whence a morphism, a : S' ^ J{C) • Since we are assuming that J{C) is 
simple then either q{S') > g ot q{S') > g and a is constant. We denote this 
constant, that depends on the choice of the centre n of projection, by cn . Thus we 
have a rational map G{n — 5,n) 3 U i — > cn G J{C) which in turn is constant i.e., 
c := Cn does not depend on the center LI of projection, whence we may assume 
c = . Let now xi,X2 be two general points of T . By choosing n to be a general 
pm-5 ixieeting the line {xi,X2) , we conclude that a{xi) + a{x2) = , which is 
clearly impossible. Therefore q{S') > g ■ □ 

Now we perform our first reduction step: 

Proposition 1.7. In the above setting, T' is hyperbolic if and only if S' is alge- 
braically hyperbolic. 

Proof. By Lemma 11.51 T' is hyperbolic if and only if so is S' . If S' is hyperbolic 
then it is algebraically hyperbolic. Conversely, suppose 5" is algebraically hyper- 
bolic and assume it is not hyperbolic. Then there is a non-constant holomorphic 
map f : C ^ S' . If / were algebraically degenerate i.e., if the Zariski closure Z 
of /(C) were not the whole S' , then we would get a contradiction. Indeed in that 
case Z would be a curve of genus or 1 , contrary to the assumption that S' is 
algebraically hyperbolic. Thus / is not algebraically degenerate, and therefore we 
can lift / to a non-constant map f : C ^ S' . Since by Lemma fl. 61 q{S') > 5 , by 
Bloch's Theorem / is algebraically degenerate (see e.g., §9 of |Dej ). This implies 
that / itself is algebraically degenerate, a contradiction. □ 

2. Second part of the proof: deformations of hyperelliptig and 
bielliptig gurves in abelian varieties 

We go on with the same hypotheses and notation as above. In this section we 
make another step towards the proof of lU.ll bv proving 



In principle, we have to add 'and is not dominated by an abelian surface', but, for our purposes, 
we do not really need this more restrictive definition. 
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Proposition 2.1. For any rational or elliptic curve E and for any non-constant 
morphism f : E ^ S' , the image f{E) must be contained in the triple curve T' 
of S' . 

Our proof relies on a proposition on deformations of hyperelliptic and bielliptic 
curves on an abelian variety partially due to Pirola jPij. We will actually prove an 
extension of Pirola's result. As a matter of fact, it would not be difficult to prove 
an even more general version concerning deformations of a curve inside an abelian 
variety A which is a double cover of another curve ^, but we will not dwell on this 
here. A first version of this result is contained in unpublished notes in collaboration 
between G. van der Geer and the first author. 

2.2. In order to state our result, we need to introduce some notation. We let Y be 
a projective variety, X be a smooth, irreducible, projective curve of genus 7 > 2 
and f : X Y be a morphism birational onto its image. We denote by (3 the 
homology class of f{X) , and we consider the Kontsevich space M.^{Y, (3) (see §0.4 
of jFuPaj ) ■ so that the isomorphism class of f : X ^Y corresponds to a point of 
M..y{Y,l3) . One has an obvious forgetful map (p : A4^(Y,i3) A^^ to the moduli 
space of curves of genus 7 . Suppose that the isomorphism class of X in 
lies in some irreducible subvariety H of . We denote by TC(Y, (3) the scheme 
4>*{'H) ; again the class of f : X ^ Y corresponds to a point in T-C{Y, (3) . We let 
Sf{T-C{Y, (3)) be the dimension of HiY, (3) at the point corresponding to the class of 
/ : X — > y , that is the dimension of the deformation space of / within TOY, (3) . 

We let Ti^ be the hyperelliptic locus and £^ be the bielliptic locus in Jvl^ . For 
curves in abelian varieties, we have the following rigidity result. 

Proposition 2.3. Let X he a smooth, irreducible, projective curve of genus 7 , 
let A he an abelian variety, and let f : X ^ A be a morphism which is birational 
onto its image, whose homology class in A is (3 . One has: 
{%) if X is hyperelliptic then 6f{T-Cry{A,f3)) = dim A ; 

(ii) if A contains no elliptic curve and X is bielliptic then 6f{S.y{A, j3)) < 
dimA+ 1 ^. 

Proof. We notice that A acts in a natural way on 7Y^(yl,/3) . Indeed a & A acts 
on the class of f : X ^ A by sending it to the class of Ta o f : X —>■ A , where 
Ta '■ A —>■ A is the translation by a . Since this action is faithful, we see that 
6f{TC^{A, P)) > dim A . In order to prove (z) one has to prove that, up to the 
above action of A , there is no non-trivial deformation of f : X —>■ A to a family 
of maps of hyperelliptic curves to A . 

Let X B be a deformation of X over a disc B , such that its general fiber 
is still hyperelliptic, and let F : X A be a deformation of / . We may assume 
that X B has a section which is a Weierstrass point of the gl on each curve of 
the family. Using this we can change F by translations in A in such a way that 
the image of all these Weierstrass points is in yl . 

For a general point 6 G i? , we let X^ be the corresponding fiber of X ^ B , and 
we let xi + X2 be a divisor of the (?2 -^b ■ As gl is parametrized by and 
A does not contain rational curves, the point F{xi) + F{x2) G A does not depend 

^That is, which possesses a non-trivial holomorphic involution. 
^This bound is sharp; see Example 1 in |2D Sect. 1]. 
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on X1+X2 ^ gl , whence it must be . Consequently, the Weierstrass points of the 
gl are sent by F to points of order 2 of A . 

Let Nf be the normal sheaf to the map / , defined as the cokernel of the differ- 
ential df -.Qx-^ PQa ■ Recall (see lArUolj . p. 344 or jArCo2] . §§5,6) that there 
is an exact sequence 

where T is a torsion sheaf supported by the ramification divisor Rf of / (actually, 
r = ), and A^} is locally free of rank dim A - 1 . Let s e H^{X, Nf) be the 
section corresponding to the deformation F of f |Hoj. This gives us a section 
s' G H^{X, Nf) which vanishes at the 27 + 2 Weierstrass points of the gl on X . 
Indeed, as we have seen above, their images are fixed under the deformation F of 
/ . Since 

Ci{N'f)<ciiNf) = c,iuJx) = 2^-2 

we see that s' is identically zero. Hence s vanishes at the general point of X , 
and so it must be identically zero too. This proves (i) . 

The proof of (ii) is quite similar. Indeed, we have to show that, up to the action 
of A , there is at most a one-parameter family of deformations of f : X A to a 
family of maps of bielliptic curves to A . 

Let X —y B be a deformation of X over a disc B such that its general fiber 
is bielliptic, and let F : X A be a non-trivial deformation of / . Arguing as in 
case (i) , we may assume that X B has a section which is a branch point of 
the bielliptic involution on each curve of the family. Therefore we can change F by 
composing it with appropriate translations in A in such a way that the image of 
all these branch points is in A . 

For a general point 6 G -B , we let X^ be the corresponding fiber of X ^ B , and 
we let Xi + X2 be a divisor of the bielliptic involution on X^, . Since A does not 
contain elliptic curves, the point F{xi) + F{x2) G A does not depend on xi + X2 
in the bielliptic involution, whence (by virtue of the above convention) it must be 
. Henceforth the 27 — 2 branch points of the bielliptic involution are sent by F 
to points of order 2 of A . 

Let s G H^{X, Nf) be a non-zero section corresponding to the deformation F 
of f |Hoj . Then the associate section s'&H^{X,N'f) vanishes at 27 — 2 distinct 
points on X , which, in principle, gives no contradiction. We claim however that 
any two such non-zero sections Si and S2 define the same line subbundle of Nf . 
Indeed, Nf is a quotient of the trivial bundle f*QA , whence is spanned. If dim A = 
d then we can find sections S3, Sd-i G H^{X, Nf) such that, at a general point 
X & X , the vectors s^i^x), Sd-i{x) G Nf^^ — C'^~^ are linearly independent and, 
moreover, the linear subspaces span(si(x), ^2(3;)) and span(s3(a;), Sd_i(a;)) of 
Nf^x are transversal. 

From the exact sequence 

O^Qx^ r^A -^Nf^O 
one obtains (see e.g., |Haj . Ch. II, Exercises 5.16(d) and 6.11-6.12): 

d-l 

/\Nf = det Nf = (det Bx)'^ = oJx ■ 
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On the other hand, the holomorphic section a := Si As2 AS3 A... ASrf_i of A'^"^ ^/ — 
Ux vanishes to order 2 at 27 — 2 points, whence it must be identically zero. 
This implies that at a general point x E X , the vectors si{x), S2{x) are linearly 
dependent, proving our claim. 

Now we can conclude that there is no pair si, S2 of linearly independent sections 
as above, thus proving the assertion. Indeed for a general point x G X there exists a 
non- zero linear combination s" of Si,S2 which vanishes at x. As s" also vanishes 
at the 27 — 2 points where Si and S2 vanish, s" must be identically zero and so, 
Si,S2 must be linearly dependent, as claimed. □ 

As a consequence, we have the following 

Corollary 2.4. We let X be a smooth, irreducible, projective curve of genus 7 , 
A be an abelian variety and Y be a closed, irreducible subvariety of A . If f : 
X Y is a morphism birational onto its image, whose homology class is (3 , then 
the following hold. 

(i) If X is hyperelliptic then 6f{H^{Y, j3)) < dimF . 

(a) If A contains no elliptic curve and X is bielliptic then 6f{£^{Y, j3)) < 
dim Y + 1 . 

Proof. Let us prove {{) ; the proof of (ii) is similar and we leave it to the reader. 
By Proposition 12.31 for any point a E A the maximal deformation family of / 
such that the image of X under the corresponding maps contains a , consists of 
just a 1 -dimensional family of translations of f : X ^ A . Therefore for any point 
a e y , there is at most a 1 -dimensional family of deformations of f : X —>■ Y in 
H^iY, P) such that the image of X under the corresponding maps passes through 
a . This immediately implies the assertion. □ 

We are now in a position to prove 12.11 

Proof of Proposition \2.1\ First we exclude the existence of a morphism / : — > S" 
birational onto its image Z' , where Z' ^ F' . We suppose that such a morphism 
does exist for a generic projection tt : P"^ P^ , and we consider the curve 
Z := 7T~^{Z') and its normalization f : X ^ Z (1 T . As Z' ^ T' , the smooth 
curve X admits a 2 -to- 1 morphism n o f to Z' , whence it has an induced 
2 -to- 1 morphism to P^ . Since by our assumption C is neither hyperelliptic nor 
trigonal, the 3-fold T = C(3) contains no rational curve. Henceforth the curve 
X is irreducible and hyperelliptic. We show below that 6f(TC^(T, P)) > 5 , which 
contradicts part (i) of Corollarv 12.41 Indeed, since T = C{3) contains no rational 
curve, any Abel-Jacobi map a : T = C{3) ^ J{C) is injective, and so in Corollary 
Owe can take A = J{C) and Y = a{T) . 

We may assume that T C P^ . We chose a general plane 11 C P^ for the centre 
of projection to P^ . We consider a hyperelliptic curve X and a map f : X ^ T 
as above. For a general divisor D = xi + X2 in the g\ on X , we consider the 
line Id = (/(xi), /(X2)) C P''' . The Zariski closure of the union of all lines Ed 
with D G (^2 — P^ is a surface scroll S , and the plane 11 intersects any fiber of 
the induced ruling S P^ . Notice that S cannot be a plane. Indeed otherwise 
Z = f{X) C S would be a conic, which is impossible, because T does not contain 
rational curves. Thus the maximal dimension of a family 9 of planes intersecting 
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any fiber of tlie ruling of E is 10 attained in the case where E is a cone and 
the planes in question are passing through its vertex. When 11 runs over , and 
only for those planes 11 , Z' and f : X ^ Z do not vary. Due to our assumption 
above, this clearly yields 

6f{n^{Y,(3)) > dimG(2,7) - 10 = 5 , 

proving (i) . 

Repeating word-by-word the above arguments and making use of Corollarv l2.4l (M) 
one can exclude the existence, for a generic projection vr : P™ , of a morphism 

f : E ^ S' from an elliptic curve E birational onto its image Z' ^T' . This gives 
(ii) . We leave the details to the reader. □ 

3. Third part of the proof: hyperboligity of the triple gurve 

Again we keep the same conventions as above. That is, we still assume C to be 
a neither hyperelliptic nor trigonal curve of genus g > 5 with a simple jacobian 

AC). 

In this section we conclude the proof of Theorem 10.11 Its first claim follows from 
Propositions II .71 and 12. II bv virtue of the following result. 

Proposition 3.1. In the above setting, if in addition g > 7 , then no irreducible 
component of the triple curve T' of T' is rational or elliptic. 

Let us introduce some notation and make several useful comments. For the time 
being (until Lemma Hi. 191 fii) below) it will be sufficient to suppose g >5 . 

3.2. Assuming that T C P'' , we can factor the generic projection vr : P'^ ---> P^ 
into a projection vf : P^ P^ from a general point, which we fix once and forever, 
and a projection ttl : P^ P^ from a general line L C P^ , which we let vary. 
Thus T' := T[ and T' := F'^ depend on L . We observe that, when we project to 
P^ , the image T of T acquires at worst finitely many double points. In particular. 
Lemma [TTT] equally applies to T . 

3.3. We consider the incidence relation 

J C T(3) X G(l,6) 

Pi/ \P2 

T(3) G(l,6) 

where JT" is the Zariski closure of the set of pairs (xi + X2 + x^,L) such that 
L n T = and the points yi := 7f(xi) E T {i = 1,2,3) are distinct, whereas 
T^hiyi) = T^L{y2) = T^iiys) e T' is a point of F'^ . 

3.4. For a general point ^ := Xi + X2 + x^, E T(3) , we let A^ := {yi,y2, Vs) be the 
trisecant plane to T in P^ through the points 7/1,7/2,1/3. From the General Position 
Theorem [ACX^HI p. 109] (see also K]h(]ol Cor. 1.3]) it follows that Ag n f = 
{1/1, 7/2, 7/3} , and so the map ^ 1 — > A^ is generically one-to-one. 

Furthermore, T^hiyi) = T^iiyi) = T^hiyz) if and only if L C A^ . Thus the 
fiber Pi^{C) of ths first projection pi : J ^ ^(3) can be naturally identified with 
the dual projective plane A| ~ P^ . Since T(3) and the general fibers A| of pi 
are irreducible, there is only one irreducible component of J which dominates 
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T(3) via the first projection. One has diniiTo = dimT(3) -|-dim = 11 . Moreover 
the following holds. 

Lemma 3.5. The map p2\Ja '■ J7o G(l,6) is surjective. Therefore also the map 
V'A^ '■ ^ ~^ G(l,6) is surjective, and its fiber over a general point L G G(l,6) is 
birational to the triple curve F'^^ . In particular, F'^^ 7^ . 

Proof. To prove the first assertion, we must show that a general line L in 
is contained in a 3-secant plane A to T . To this point, we consider a general 
hyperplane H in containing L . Clearly, the hyperplane section H (IT is a 
smooth linearly non-degenerate surface in if ~ . By a result of Chiantini and 
Coppens |ChCot Sect. 2], if L were not contained in a 3-secant plane to HnT then 
H (IT would be either a cone or a rational normal surface of degree 4 in if ~ . 
Anyhow, it would be covered by a family of rational curves, which is excluded by 
Lemma f 1.11 This proves the first assertion; the second one follows easily. □ 

3.6. By Lemma 13.51 for any irreducible component J^' of J' that dominates 
G(l,6) via the second projection p2 , the fiber p2^{L) n J'' over a general point 
L G G(l, 6) is a curve birational to the union of some irreducible components of the 
triple curve F^ . Thus we have dim JT' = dimG(l, 6) -|-dimF'j^ = 11 . Furthermore, 
JT"' being irreducible, the monodromy of the family P2\J^' '■ J' G(l, 6) acts tran- 
sitively on the set of irreducible components of the fiber P2^{L) fl J^' . Hence all 
these components have the same geometric genus, which we denote by S{J'') . 

3.7. To prove Proposition 13.11 we must show that S{J'') > 2 for any irreducible 
component JT"' of that dominates G(l,6) via the second projection. Arguing 
by contradiction, we suppose in the sequel that S{J'') < 1 . We begin by considering 
a component J'' of JT" different from j7o , assuming it does exist. Thus J'' does 
not dominate T(3) via the first projection pi (see 13. 4|) . 

3.8. Clearly, for a general point = Xi + X2 + X3,L) of such a component J'' , 
the points yi := 7i{xi) E T (i = 1, 2, 3) are coUinear (cf. 13. 4^ . and so belong to a 3- 
secant line to T that meets L . Thus given a general point ^ G pi{J') C T(3) , 
the fiber Pi^{C) ^ over ^ is contained in the set of all pairs (^, i^) such that 
the line L meets . We denote by G'(/^) the set of all lines L in G(l, 6) with 
L n 7^ . We have the following lemma. 

Lemma 3.9. The fiber of p\\J' over a general point C, in pi{J') is: 

Pl\0 r^ J' = m X G{i^) . 

Thus dimpi(J') = 11 - dimG{l^) = 5. 

Proof. A general point (^, L) G J^' does not belong to any other irreducible com- 
ponent of JT" , and the point TiLiyi) = T^L{y2) = T^iiyz) G F'^^ is smooth fsee 13. 6p . 
For any line V G G{1^) we still have TiL'{yi) = T!'L'{y2) = T^uiyz) ^ Tl' ^'^d so, 
clearly, (^, L') varies in J' when V varies in G{1^) . Notice finally that G{1^) is 
an irreducible variety which is fibered over ~ P^ with fibers isomorphic to P^ . 
This proves our assertions. □ 

3.10. We let again ^ G pi{J') be a general point with ^ = xi + X2 + X3, ■ As we 
have seen in 13.81 the points yi := Ti{xi) E T {i = 1,2,3) belong to a 3-secant line 
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to T . We let V{J'') be the closure in G(l,6) of the set of all these lines 
as ^ varies in pi{J') . As T does not contain lines (see Lemma ll.ip the map 
Pi{>7') — *■ ^{>7') ! ^ ' — ^ h ' is birational and has finite fibers. Thus by Lemma EiH 
V(jr') is an irreducible variety of dimension 5. 

Let us also consider the variety V{J'') := U;gv(j"')^ ■ 

Lemma 3.11. V{J'') is an irreducible hypersurface in . 

Proof. There is a natural incidence relation 

I = I{J') C V{J') X P6 
9i / \<l2 

V{J') P6 

which projects onto V{J^') with irreducible general fibers . Therefore, I and 
also V{J'') = §2(2^) Sire irreducible. Let us show that V{J'') meets a general line 
L in P6 , whence dimV"(J^') > 5 . Indeed, as L e P2{J') = G(l,6) (seeESHSZZI) 
there exists a point = Xi + X2 + X3, L) E J'' , and so the secant line G V{J'') 
meets L . 

To show that dimV{J'') < 5 we exploit the theory of foci |ChCij . We consider 
the second projection q2 : V(jr') x P^ ^ P^ and the induced homomorphism dq2 
of the tangent bundles. The kernel T{q2) := ker((ig2) is a rank 5 subbundle of 
T{V{J') X P6) whose restriction to every fiber {r} x P^ of qi is the normal bundle 
of this fiber and is clearly trivial. We pick a general point r := G V{J^') , and we 
let Xt- := qi^ir) fl X ^ ^ P^ be the fiber of the first projection qi\I over r . 
Then the restriction of the vector bundle T{q2) to Ir identifies with the trivial 
bundle (Cpi)5 (see [DEDI], (1-3)). 

The image under q2 of the fiber is the 3-secant line of T , with the 
normal bundle iV^^/ps = A^pi/pe ~ ((9pi(l))^ . The homomorphism of normal bundles 
induced by the projection q2 : (JT"' x P^,X^) (P^,^^) restricts to T(g2)|XT- giving 
the so called characteristic map 

A:(Opi)^->(Opi(l))^ 

of the family of lines V(jr') at t = . Fixing coordinates we can write A via 
a 5 X 5 matrix of linear binary forms on ~ P^ , called the focal matrix of 
^{J') at r . We let Fx '■= det $a ; this is a binary form of degree 5 . 

We assume that V{J'') = P^ . Then q2 : I is surjective and generically 

finite. Thus the focal matrix $a is non-degenerate at a general point of ~ P^ , 
whence F\ is not identically zero. 

The equation Fx = defines the so called focal points of the family V{J'') on 
( |ChCij . (1.5)). This family can also have fundamental points and cuspidal points. 
Cuspidal points sitting on the image of a general fiber X^ correspond to its singular 
points ( |ChCij . (1.6)). Since in our setting X^ ~ is smooth, there is no such point 
on . Hence by Proposition 1.7 in jChCij . the focal points of the family V{J^') on 

coincide with its fundamental points, that is with the fixed points of 1-parameter 
families of deformations of the line within our family V{J^') . These are exactly 
the points where the rank of the focal matrix $a drops. 

If C, = X1 + X2 + X3 then the subfamily of V{JT') of lines through the point r/i := 
7f(xj) G ( z = 1, 2, 3 ) is at least 2 -dimensional. Indeed, letting u : —> T(3) 
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be the natural map, we consider the preimage Pi := i^~^{pi{J^')) ^ . By Lemma 
13.91 it has dimension 5 , whence the fiber of the first projection pr^ : Pi — >■ T over 
the point Xj is at least 2 -dimensional. 

It follows that Hi & ( 2 = 1, 2, 3 ) is a fundamental point for the family V{J^') , 
where the rank of $a drops at least by 2 (cf. the proof of Proposition 1 . 7 in |ChT^ ) . 
We observe that the matrix $a is left-right equivalent to a non-degenerate 5x5 
diagonal matrix of binary forms diag {di{u : v) , . . . , d5{u : v)) , where di\di+i and 
di+i/di SiTe the invariant polynomials of $a (see e.g., jUaj, Thm. 3 in §VI.3 or [Coj, 
Thm. 3 in Appendix to Ch. 6). If y is a point of l^ ~ where the rank of $a 
drops at least by 2 then at least 2 of the di vanish at y , whence Fx = Y[i=i di 
has a multiple root at y . In particular, this is so for y = yi ( i = 1, 2, 3 ). Hence, as 
deg Fx = 5 , this polynomial must be identically zero, a contradiction. This proves 
the lemma. □ 

3.12. From the previous analysis we deduce the following. We let L be a general 
line in through a general point x G V{J'') . By Lemma r3.11l the general fibers of 
the surjection gi : X — »• V{J'') are 1-dimensional. Hence there is a 1 -dimensional 
family of lines of V{J^') through x . This family is parametrized by some of the 
irreducible components of the fiber p2^{L)r\J'' over L , that is by some components 
of the triple curve F'^ fsee 13. Thus our family of all 3-secant lines to T passing 
through X describes several cones with vertex x , say, A^. j ( 1 < < ), over the 
corresponding irreducible components of F'^ . These are rational or elliptic as we 
suppose S{J'') < 1 fsee 13. 7|) . 

3.13. We fix in the sequel an Abel-Jacobi map a : T = C{3) ^ J{C) , and we let 
^3 : T(3) J{C) be the extension of a to the symmetric product T(3) via 

i = xi+ X2 + X'i I — > Ofi{i) ■= a{xi) + a{x2) + a{xs) ■ 

Lemma 3.14. The image W{J') := ol3,{Pi{<J')) ^ -^(C*) has dimension /i < 1 . 

Proof. We use the following notation. For a general point t G W{J') we let Vt C 
G(l,6) be the family of trisecant lines to T corresponding to the points ^ 
in the fiber of as : pi{J') — > W{J') over t . Thus dimVt = 5 — /i . For an 
irreducible component V[ of Vt , we let VI := Uiizyl , so that VI is swept out 
by the (5 — /x) -dimensional family of lines V[ . We note that C V(j7'') and 
Vt' C V{J') . 

If / G VI is a line through a general point x G V^' then / is contained in one of 
the cones A^- j (1 < i < z/) with vertex x (see 13.12]) . which we denote by A^.(Z) . 
As Aj.(/) is a cone over a rational or elliptic curve (see l3.12|) . it is swept out by lines 
/' with /' G V/ . There is henceforth a 1 -dimensional family of lines of Vj through 
a general point of V^ , and so dim V/ = dimV/ = 5 — fi . Moreover, as V^ contains 
the cone Ax{l) we have 5 — ^ > 2 . 

If 5 — /i = 2 then V/ = A^il) is a surface in with a 2 -dimensional family 
of lines V/ , whence is a plane (see Thm. 1(1) in |Roj ) . This plane Ax{l) cuts out 
on T a cubic curve, which contradicts Lemma fl. 11 Therefore /i < 2 . 

If /i = 2 then V^' is a threefold covered by a 3 -dimensional family of lines V^ . 
Hence, by a theorem of Severi-Segre (see Thm. 1(2) in |Roj ) . V^ is either a P^ , an 
irreducible quadric, or a scroll in planes ^. 

^that is, there is a unique through a general point of V/ . 
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If VI is a described by a 3 -dimensional family of trisecant lines to T then 
VI cuts T along a cubic surface. Thus T must contain a rational curve, which 
contradicts Lemma fl. II 

If VI is a quadric then the tangent space to VI at x cuts out on V^' a quadric 
cone A^(/) C VI . We consider the curve f := Aa;(Z) fl T . As f is met by the lines 
of Aj.(/) in three points, f is either a plane cubic or a space curve of degree 6 . 
Anyhow, the geometric genus of F is at most 4 , which again contradicts Lemma 

o 

Similarly, if is a scroll in planes then is a plane which cuts out on T 

a cubic curve. This yields to a contradiction as above. 

Thus /i < 1 , as required. □ 

3.15. We turn further to considering the component J' = Jq oi J fsee 13.41 and 
13. 7|) . In Lemma [3 . 1 81 below we establish an analog of Lemma [3. 141 for j7o . We begin 
again by some preliminary observations. 

For a general point ^ = Xi + X2 + E T(3) , the dual A^ ~ of the 3-secant 
plane A^ := (?/i,?/2,Z/3) — P^ to T is naturally embedded in the grassmanian 
G(l,6) (cf. Eil). We let 

J5:=P2-i(A*)n Jo and := p^{Ji^) d T {?>) . 

If (C, L) G i7o is a general point with C = Zi + Z2 + E T(3) then (^, L) E if 
and only if L = A^ fl A^ , that is iff o tt : T — T' = sends both Xi and Zi 
( i = 1,2,3 ) to the triple curve Y'l^ fsee 13. 2|) . Thus ^ and C determine the line 
L = in a unique way. Therefore the morphism pi : fi^ is birational, and 

so dimf2^ = dim^T^ = 3 . Furthermore, a general point E r(3) belongs to f2g if 
and only if the planes A^ and A^ meet along a line, that is along L = ,j . 

Lemma 3.16. (i) For any pair of general points (, (' E , the planes A^ and 
A^' meet at a point ^. 

(ii) For any 3 general points (i, (2, Cs ^ ; ^ ^■^ on isolated point of the 
intersection 0^=1 ■ 

Proof, {i) Assuming on the contrary that the planes A,^ and A,^/ meet along a 
line , we let 11^^^ ^ P^ be the 3-subspace in P^ spanned by the planes A^ 
and A^ . Then, clearly, for a general point (' E fi^ the lines L^^^/ and L(^^(^i are 
distinct and are contained in 11^^^ , whence also A^/ C 11^^^ . This yields a rational 
map 

which is generically one-to-one fsee 13. 4j) . Thus a general A G is a trisecant 
plane of T . It follows that 11^^^ meets T along a cubic curve. This contradicts 
Lemma fl.ll Now (i) is proven. 

(ii) The planes A^. {i = 1, 2, 3) meet Ag along the 3 lines L^^q in general 
position. We let 

Pi,j ■■= n L^,c. = n A^, c a^ (1 < ^ < j < 3) . 



'which is the intersection point of the hnes L^^i^ :— Aq n A^ and L^^q/ :— A^i n A^ . 
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Let US pick a point ( G nf=i close enough to ^ . Then A,^ intersects every 
plane A,^. along a line Li^^q C A^ fsee 13.15]) . and by (i) we have 

p,,j e L^,^, n L^,^^, c A^ n A^^ n A^^, (i < ^ < j < 3) . 

Hence A^ is the plane through the 3 non-coUinear points pi^2, Pi,3, P2,3 ■ This holds 
also for A^ , therefore A^ = A^ . Thus A^ fl T = A^ fl T , and so C = ^ fsee 13. 4p . 
as required. □ 

3.17. Recall fsee l3.6|) that, for a general line L G 6) , all irreducible components 
of the fiber p2^^(L)nj7o have the same geometric genus S{J'o) . To prove Proposition 
13. II we must show that S{J'o) > 2 . Arguing by contradiction, we assume as in 13.71 
that S{Jo) < 1 . 

For a general point ^ G T(3) , we denote by ^^{C,) the irreducible component 
of which contains ^ . Thus ^^^(0 is birational to the irreducible component 
JdO of ^« which contains the fiber pi^iO ^ J( = x ^| (cf- E31 and EIIS) . 
Clearly, is saturated by those irreducible components of the p2 -fibers over 

the points L G A^ which meet P]~^(0 • As is general, there is just one such 
component J7^(0 of <^£, ? and it has dimension 3 fsee 13.151) . The following analog 
of Lemma f3 . 1 41 holds . 

Lemma 3.18. // S{J'o) < 1 then, for a general point ^ G T(3) , the Abel-Jacobi 
map : T(3) J{C) is constant on ^^{C,) ■ 

Proof. Letting ^ = xi + X2 + we pick a general point ( = zi + Z2 + in 
• We claim that a{zi) + 0(^2) + ^(^3) = o:{xi) + a{x2) + a{xs) . Indeed, we 
let L C A^ be a general line and be the irreducible component of the fiber 

P2^{L) n j7o containing {^,L) . It is birational to an irreducible component of the 
triple curve , which has geometric genus S{J^o) < 1 (see I3.17|l . As we suppose 
that the jacobian J{C) is simple, the map must be constant along the curve 
Pi(X{^,L)) through ^ . Henceforth, for any point ( = Zi + Z2 + Z3 E pi(F(^^i)) , we 
have a{zi) + a{z2) + a^z^) = a{xi) + a{x2) + a^x^) . On the other hand, if L C Aj 
is a general line and {(, L) G F(^ 2.) is a general point, then is a general point in 
^5(0 5 which proves our claim. □ 

We need in the sequel the following 

Lemma 3.19. (i) For any linear series g'g on a curve C of genus g > 5 one 
has r < 4 . 

(ii) Furthermore, if C is neither hyperelliptic nor trigonal and g > 7 then 
r < 3 . 

Proof, {i) By the Riemann-Roch Theorem and the Serre duality, for a divisor D G 
gg we have: 

r = h\D) -l=9-g + h^{Kc - D) . 
Thus if D is non-special then r = 9 — (7<4 as soon as g > 5 . If D is special 
then by Clifford's Theorem, r < d/2 = 4.5 , so again r < 4 . This proves ( i ). 

(ii) Suppose now that C has a gg and g > Q , so that the series is special. 
If the gg has a base point then C is hyperelliptic by Clifford's theorem, which is 
excluded by our assumptions. Assume the series is base point free. Then it defines a 
birational morphism C —>■ C onto a non-degenerate curve C of degree 9 in . 
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The Castelnuovo genus bound |ACGHt Ch. Ill, p. 116] tells us that g < 7 . But 
if (yf = 7 then the residual series \K — D\ of the gg with respect to the canonical 
series K := Kc is a gl , which is also excluded. □ 

We are ready now to prove 13.11 

Proof of Proposition Assume that 5{J') < 1 for an irreducible component 
J^' of JT" which dominates G(l,6) via the projection p2 . There is a natural 
finite surjective map : T(3) — C(9) . By abuse of notation, we still denote by 
a : C(9) — > J{C) an Abel-Jacobi map for C(9) chosen in such a way that for 
^ = Xi + X2 + X3 G T(3) one has a(z/3(^)) = a^i^^) (see I3.13j) . 

We consider first the case J' = . By virtue of Lemma 13.181 and of Abel's 
Theorem we conclude that for general points ^ G r(3) and C ^ ^^(0 > ^ divisors 
Dc^ := 1^3(0 G C(9) are contained in the same complete linear system gg with 
r > 3 , which we denote by (so ~ P'' ). And also G for a general 

point C' e QciO ■ 

We claim that, actually, one must have r > 5 , which contradicts Lemma r3.19r i ). 

We let V'^ := u^^V^) C r(3) . As we have seen above, for a general point 
C G n^{^) one has fi^(C) C V'^ . We observe that the map z/3 : T(3) C(9) is 
unramified outside the diagonal. Since ^ G T(3) is a general point, there is no 
ramification at ^ , and therefore ^ is a smooth point of . By Lemma f3.16l fM) , 
for any 3 general points Q G ^2^(0 = l!2,3) , the 3-folds ^q^Q) ^ meet at 
^ , and ^ is an isolated point of the intersection nf=i ^Ci(Ci) • Clearly, this would 
be impossible if r = dimD^ = dimP^ were at most 4. This proves the assertion in 
the case J' = ■ 

We turn next to the case J' ^ Jq . By Lemma [3. 141 as sends the 5-dimensional 
subvariety pi{J') of T(3) either to a point or to a curve. In virtue of Lemma 
I3.19r i ) the former is impossible, whereas in the latter case C admits a linear 
system gt, . Since we are assuming that g > 7 and C is neither hyperelliptic nor 
trigonal, this contradicts Lemma f3.19f ii ). Now the proof is completed. □ 

3.20. This concludes the proof of the first part of Theorem lO.il Let us point out that 
the only place in the proof where one really needs the hypothesis g > 7 (rather 
than g > 5) is just at the end of the argument, in excluding the existence of a 
component J' ^ Jo with 6{J') < 1 . 

We use this observation in the proof of Proposition 13.221 below, which provides 
the second part of Theorem ID. 11 

3.21. For a smooth plane curve C of degree d , we let C = Oc{l) ■ In 14.21 below 
we associate to C a line bundle C{3Y on C(3) . According to Lemma l4.3l fii) and 
Proposition 14.41 -^^(3)* embeds C(3) into as a smooth threefold T of degree 

. This map (pcisy : C(3) — > T C can be described more explicitly as follows. 

We let 7 : P^ — > (P^)* be a natural isomorphism and, for a point a; G P^ , we 
let 7^=7(x). We identify P^ with the linear system P(if°(p2, Op2(3))) of cubic 
curves in P^ , and we let : p2(3) P^ , 

X1+X2 + X3 I > (t){Xi +X2 + X3) := 7a;, ■ 7^2 ■ 7a;3 . 

Since the natural map Sym^if°(P^, (9p2(l)) — >• (F'^ , 0^2 (3)) is an isomorphism, 
the restriction of (p to C(3) C P^(3) coincides with (pcisy ? whereas its restriction 
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to the small diagonal A = C P^(3) yields the triple Veronese embedding of 
in P9 . 

If > 6 then all hypotheses of the first part of Theorem lU . 1 1 are met, and therefore 
the generic projection T' of T in P^ is hyperbolic. The second part of Theorem 
lU.ll deals with the case = 5 , and is provided by the following 

Proposition 3.22. If C is a general plane quintic and C = Oc{l) then the line 
bundle C{3)'^ embeds C(3) in P^ as a smooth threefold T of degree 125 whose 
generic projection T' to P^ is hyperbolic. 

The proof is based on the following two lemmas. 

Lemma 3.23. We let C be a smooth non-hyperelliptic curve of genus 6 . If there 
exists a component J' ^ Jq of J with P2{J') = G(l,6) and 5{J') < 1 then 
for any linear system on C , any divisor D & g^ and any decomposition D = 
Xi + X2 + X3 with Xi G C(3) , the points yi = Tf{xi) G T (i = 1, 2, 3) are collinear. 

Proof. We note that the special linear systems g^ on C form just a 1 -dimensional 
family Wq{C) = {\K — q\} (g G C) . As C is not hyperelliptic, every such series 
gg is base point free and defines a birational embedding of C onto a non-degenerate 
degree 9 curve C" C P^ (see the proof of Lemma E^l). Moreover, the monodromy 
of this series acts on a general divisor D ^ gg giving the full symmetric group (see 
[ACGH , Lemma on p. 111). That is, the ramified covering map g : ^ C{9) 
is irreducible over every gg = \K — q\ C C(9) . The map g admits a natural 
factorization : 

Let us suppose that a component J'' 7^ J'q with P2{x7') = G(l, 6) and S{J'') < 1 
does exist. We keep below the notation as in the proof of Lemma 13.141 By this 
Lemma, the image asipiiJ')) C J{C) is a curve W{J') = Wg{C) ~ C . For a 
general point q E C = Wg{C) , we consider the family Vq C G(l,6) of trisecant 
lines to T corresponding to the points ^ in the fiber Pg := a^^ (q) D pi{J'') of 
«3 : Pi(i7') Wg{C) C J(C) over q . It has dimension 4 , and every irreducible 
component of Vq and every component P^ of the fiber Pq are also of dimension 
4 . Therefore i/3(P^) = \K - q\ C C{9) . 

Since the monodromy action on \K — q\ is irreducible, the pull-back Pg : = 
g~^{\K — q\) C is also irreducible. Hence P^ coincides with the image of Pq 
in T(3) . The latter shows, by the way, that Pq = Pg is actually irreducible. As 
the symmetric group 5*9 acts on Pq , it follows that for any divisor D E gg = 
\K — q\ and any decomposition D = Xi + X2 + X3 with Xj G C(3) , the points 
yi = 7t{xi) G T (z = 1, 2, 3) belong to a trisecant line , where ^ = xi + X2 + X3 G 
Pg = U20 ui{Pq) , as stated. □ 

Lemma 3.24. If C is a general plane quintic then, for a general gg on C , a 
general divisor D E gg and a decomposition D = Xi + X2 + x?j with Xi G C(3) , 
the points (j){xi) G T C P^ (i = 1,2,3) are not collinear, where : C(3) ^ P^ is 
as in [U7[ 

Proof. Clearly, it is sufficient to exhibit just one such smooth plane quintic and just 
one divisor D E gg on C as above. To construct a quintic with the required 
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property, we take a smooth conic Cq , and we fix four points q and Pi {i = 1,2,3) 
on Cq . By Bertini's Theorem there exists a smooth quintic C cutting on Cq 
the divisor 3{pi + p2 + P3) + q ■ Conversely, the divisor cut out by Cq on C is 
3{pi + P2 + P3) + Q e \Kc\ = 9io ■ Then the divisor D := 3{pi + P2 + P3) on C 
varies in the hnear system \Kc ~ q\ = cut out by conies through q . 

We let Xi := 3pi e C(3), i = 1,2,3 . The corresponding points in lie on the 
Veronese image V3 of = A via cubics fsee I3.2H) . Since V3 does not contain 
lines and is the intersection of quadrics through V3 , it does not admit trisecant lines 
neither. Hence the points (j){xi) G V3 fl T C P^ (i = 1, 2, 3) cannot be coUinear. 
This finishes our proof. □ 

Now we can prove 1^1221 

Proof of Proposition \3. 2'A It is well known that a general plane quintic C has 
gonality 4 and the jacobian J{C) is simple (e.g., see jACGHj . p. 218, |Balj and 
|CiGej . Cor. (1.2)). Thereby, similarly as in the proof of Proposition 13. II it follows 
that 5{Jq) > 2 . Thus it suffices to exclude the existence of a component J^' 7^ J^q 
of J' with P2{J') = G(l,6) and 5{J') < 1 . But for such a component the 
conclusion of Lemma 13.231 must hold, which contradicts Lemma 13.241 Indeed, since 
the points (f){xi) G T C P^ (i = 1, 2, 3) are not coUinear, for a generic projection 
7f : P^ D T — i> T C P^ the corresponding points yi = tt o (j)[xi) G T (i = 1, 2, 3) are 
not coUinear either. □ 

We note that the hyperbolic hypersurfaces of degree 125 which we have found are 
of the lowest degree we can construct with these methods (cf. Lemma HiH below) . 
See |ShZa2j for a better result. 



In this section we address the problem of finding, for a genus g curve C , em- 
beddings of the symmetric product C{n) (n > 2) into a projective space. 

4.1. Let us start by recalling some basic facts about divisor classes on C{n) . Given 
a; G C , we let S„(x) be the subset of C{n) consisting of ah divisors D G C{n) 
such that X < D . Clearly, H„(x) is a reduced divisor on C{n) isomorphic to 
C{n — 1) . We let ^ be the class of S„(a;) in the Neron-Severi group NS{C{n)) . 
If B = J2i o-i^i is a divisor on C , we denote by S„(i?) the divisor X^i OiS„(xj) on 
C{n) . This provides a homomorphism S„ : Pic (C) — * Pic (C(n)) , whose image in 
NS{C{n)) lies in Zi(^) . Similarly, to a line bundle £ on C we associate a line 
bundle S„(£) on C{n) with S„(£) = (deg£)^ ^ , called the symmetrization of C 
(cf. |Maj ) . It is defined only up to isomorphism. 

The divisor A in C {n) given by the diagonal is divisible by 2 , because it is the 
branching divisor of the natural map C" — > C{n) . We let 6 be the divisor class 



A third basic class 9 G NS{C{n)) is the class of the pull-back of a theta divisor 
on J{C) via an Abel-Jacobi map a : C(n) — > J(C) . The three classes ^,S,9 are 
related by 



4. On projegtive embeddings of symmetrig produgts 




in NS{C{n)) . 



6 = {n + g-l)^-e 



^As usual, 



= stands for numerical equivalence. 
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(see e.g., |A(Xmj . Prop. (5.1), p. 358 or [K^", L. 7]). 

The intersection form in the submodule Z(^,6') of NS{C{n)) is given by 

(4.1) e.r- = ^ — ^1^, z = o,...,n, 

[g -n + iy. 

as dictated by Poincare's formula |ACGH| p. 25] (see |Kol L. 1]). 

We notice that NS{C{n)) = Z{^,e) for every n e N if and only if End(J(C)) ^ 
Z . 

4.2. We consider again the natural map C" — > C{n) , and we let Pi : C" ^ C he 
the projection to the i -th factor. If £ is a line bundle on C , we denote by 
the line bundle ^1=iP*{C) on C" . By Kiinneth's formula one has //^(C", £") = 
H^{C, C)®"^ . The symmetric group Sn acts on H^{C"', £") , and two of the related 
irreducible representations are Sym"if°(C, £) and f\^H^{C,C). If a is anon- zero 
section in one of these subspaces then the divisor o"*(0) is stable under the natural 
5'n -action on , and so it is the pull-back of a divisor on C{n) . Actually (cf. 
|Goj ) there are two line bundles on C{n) , which we denote by C{ny , respectively, 
C{n)°- , such that 



(4.2) H\C{n), C{ny) = Sym"if°(C, £), H\C{n), C{nf) = f\ H%C, C) . 

We need the following facts concerning the line bundle C{ny . 

Lemma 4.3. One has: 
(0 C{nY = ^M; 
{ii) {C{nYY = {AegCy . 

Proof. If si,...,Sn are n sections of £ , we denote their symmetric product by 
Si © ... Sn ■ Given a divisor D = xi + ... + x„ G C{n) , one has 

(4.3) Si ... © S„(D) = Yl Si^{Xi)...Si„{Xn) , 

where the sum runs over all permutations {ii, ...,in) of the set {1, ...,?7,} . Thus if 
A = s*{0) =xi + ... + Xke Divfc(C) , where s e H°{C, C) , then 

s®"(l/i + ... + ?/„)= n\s{yi) . . . s{yn) = ^ Vi = Xj 

for some i G {l,...,n} and j G {l,...,k}. Hence (s®")*(0) = S„(A) G 
Div(C(?2)) . This clearly implies (i) . Part (ii) follows from (i) and the fact 
that r = 1 (see dHH)). □ 

The following result extends Lemma 3.10 of |ShZalj . 

Proposition 4.4. C is very ample on C if and only if C{ny is very ample on 
C{n). 

Proof. Let us show that, if the line bundle C{n)^ on C{n) is very ample, then 
so is C as well. This trivially holds if n = 1 . Then we proceed by induction, 
and we restrict C{ny to S„(x) ~ C(n — 1) . Since, obviously, C{nY restricts to 
C{n — ly , we conclude the induction. 
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To prove the converse, we assume that L is very ample on C . Let us show first 
that C{ny separates points of C(n) . We let 

D = poXq + piXi + ... + pkXk and D' = p'^xo + p[xi + ... + p'^Xk 

be two distinct effective divisors of degree n on C regarded as points of C(n) , 
where distinct points of C and Pi,Pi are non- negative integers 

with < po < p'q . By the very ampleness of C , we can find two sections Sq, Si G 
H^{C,C) such that Sq^Xq) ^ and Si(xo) = 0, whereas Si(xj) ^ for all 
i = l,...,k. We let a := sf^" sf^""^°^ G H° {C (n) , C{ny) . Then by (Q we 
obtain: 

a(D) = fc!sg°(a;o)sf(xi)-...-sf(a;,)^0 

whereas cr{D') = , as p'q > po and si(xo) = . Thus a separates D and D' . 

Next we show that C{nY separates tangent vectors. Let D = xi + ... + Xn be a 
point of C{n) and X&T£){C{n)) be a non- zero tangent vector. We need to find a 
section a of C{n)^ such that cr{D) = whereas X{a) ^ . li D is formed by n 
distinct points, the argument is similar to those developed in jShZalj . loc.cit., and 



we will not repeat it now. To the other extreme, suppose that D = nx sits on the 
small diagonal. We will prove the statement in this case only, since the intermediate 
cases, where only some of the points of D come together, can be treated in a similar 
way. 

Let t be a local coordinate on C in a small disc W around x . Then near 
(x, C" is isomorphic to the polydisc W"- with coordinates, say, (ti,...,t„). 

Whereas C{n) about nx looks like V := W{n) , which is still a polydisk with 
coordinates (2:1, 2;„) , where Zi is the i -th symmetric function on (ti,...,t„). 

Take now sections Sj G H^{C,C) {i = 1, ...,n) which have the following expres- 
sions in W : 

Si = t + o{t), Si = 1 + ttit + o(t), i = 2,...,n. 

Since C is very ample we can find sections as above with arbitrary values of Oj, i = 
2, ...,n. Our objective is to show that one can find a section of the form a = 
si © ... Sn such that in = W{n) it looks like 

(4.4) a = hiZi + ... -|- hnZn + (higher order terms in 2:1, ... , Zn) 

with arbitrary 6j, 2 = 1, ...,n . This will prove the assertion. 
First of all, if we let = (z = 2, n) then 

a = {n — ly.Zi + (higher order terms) . 

Thus referring to ()4.4|) above, we can find a section corresponding to the n - 
tuple (6i,...,6„) = (1,0,...,0) . Let us show by induction that for every n -tuple 
(0, 0, Ij, 0, 0) , where j = 2,...,n, there exist corresponding sections. By 
induction it suffices to prove that for any j = 2, ...,n we can find a section cor- 
responding to an n -tuple of the form (61, 6^, 0, 0) with bj . For this it 
suffices to take = 1, i = 2, j, aj = 0, i = j + 1, ...,n , since then 

a = biZi + ... + bj-iZj^i + j!(n — j)\zj + (higher order terms) 

with some G Z, which we do not care to compute. This ends our 

proof. □ 
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4.5. In the reminder of this section we turn to hne bundles of the form C{n)°' . The 
following analog of Lemma f4. 31 holds. 

Lemma 4.6. (i) The class of C{n)"' in NS{C{n)) is 

{degC -g-n+l)^ + e= (degC)^ - S . 

{ii) Consequently, 



Proof. We give a proof only in the case where the line bundle C{nY has enough 
sections (cf. Remark 14.71 below for an alternative approach). By virtue of ()4.2|) 
we may regard the sections of C{nY as those of /\'^H^{C,C) . Suppose that 
a = si A ... A Sn ^ /\"' H'^{C, C) is such that the divisor cr*(0) on C{n) is reduced, 
where Si,...,Sn are linearly independent sections of £. Notice that the class of 
cr*(0) in the group NS (C(n)) does not depend on the choice of a . Given D = 
Xi + ... + Xn & C{n)\A , one has 

a{D) = SiA ... A s„{D) = det(si(xj))jj=i_...,„ = 

if and only if there is a non-trivial linear combination s of si,...,s„ such that 
s{xi) = for all ^ = 1, ...,n , that is D < s*{0) . It is not difficult to extend this 
remark to the case D E A . That is, also in this case D belongs to cr*(0) if and 
only if D < s*(0) for a certain non-zero section s E V := span(si, . . . , s„) . We 
leave the details to the reader. Thus cr*(0) = Tn{V) , where TniV) denotes the set 
of all D G C{n) subordinated to the members of the linear system \V\ . Now (i) 
follows by Lemma (3.2) in |ACGm p. 342], whereas {ii) follows from {{) by the 
Poincare Formula ()4.H) . □ 

Remark A.7 . Let p:CxC{n—l)^C be the first projection and a : CxC{n—l) 
C{n) be the map sending {x,Yli'=i ^i) to x + Y17=iXi. For a line bundle C over 
C , its Mattuck symmetrization |Mal Sect. 1] is defined by the push-pull formula : 

This is a rank n vector bundle over C{n) . There is a canonical isomorphism |Mat 
Corollary of Prop. 2] : 

H\C{n),£r,^c) = H\C,C). 

Indeed, for s G H^{C,C) , p*s is constant along the fibers of a . Also, for any 
open subset U ^C{n) one has |Mat Prop. 1] : 

n „ 

(4.5) H\U,£r,c) = [H\e~\U),^p:C)\ \ 

i=l 

where as above g : C" C{n) stands for the orbit map of the action of the 
symmetric group Sn on C" . 

Similarly, if E„ C C x C{n) is the natural incidence relation then the Gottsche 
symmetrization of £ is defined as follows |Goj : 
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where pi : S„ — C and p2 : S„ — C{n) are the canonical projections^. The map 

n— 1 n— 1 

S„ 3 (x, X + ^ Xi) I — ^ (x, ^ Xi) G C X - 1) 

i=l i=l 

yields an isomorphism S„ ^ C x C(r2 — 1) which agrees with the above projections. 
This gives rise to a natural identification 

By |Go| Thm. A.l] one has: 

(4.6) C{nY ^ det^„,£ ^ C{ny ® Oc(n)(-5) , 

which by virtue of 14.31 fi) provides another proof of 14.61 fi) . Moreover ()4.5|) and 
()4.6|) yield the second part of ()4.2|) . 

In particular, if C = uc = then |Ma| Sect. 1, (2) ] £n,c — ^c'(n) ' whence by 
(j4.6|) we have 

(4.7) u;cin)=Mny. 

4.8. We notice that a direct analog of Proposition l4.4l does not hold in general for the 
bundles C{nY . For instance, if C is a general plane quartic then C := uq = OciX) 
is very ample, although £(2)" = ujc{2) is ample but not very ample (see |Koj or 
P^Ezni (4.16.b')]). 

Suppose however that C ^ C is n -very ample i.e., any subscheme of length 
n + 1 imposes independent conditions to the sections in H^{C,C) (see [BeSo]). 
Then 

is an embedding, and there is no (n + 1) -secant P"~i to C in this embedding. 
The map 

can be described as follows. Given a divisor D E C {n) , we regard it as a subscheme 
of C C P(ifO(C,/:)*) . Then D spans a P"-^ which we denote by {D) , and we 
let 

MnAD) := {D) G G{n - 1, P(i70(C, £)*)) C P (j\H'{C,Cy^ . 

As no {D) ^ p"-i is (^ri + 1) -secant to C , the map (pc(n)°- is injective. Actually 
by |CaGoj . 4>cin)<^ is an embedding i.e., C{nY is very ample, if and only if £ is 
n -very ample ^. 

Anyhow, the minimal degree of projective embeddings of C(3) given by line 
bundles of the form £(3)" is higher than those provided by line bundles of the form 
£(3)'^ . Indeed, we have the following lemma. 

Lemma 4.9. // a curve C is neither hyperelliptic nor trigonal then for any 3 - 
ample line bundle C on C one has (£(3)")^ > 125 . 



'^Actually, |G6| is dealt with projective surfaces rather than with curves. 

^Notice that 4>c(nY and the map tpn-i considered in |CaGo| are dual to each other. 
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Proof. If deg C = d then according to Lemma 14.61 fii) we have 

(4.8) {C{3rf = g{g - 1)(^ - 2) + 3g{g -l){d-g-2) 

+3g{d-g-2y + {d-g-2)\ 

In view of (I4.8|l and the classification of space curves |Hat IV.6.4.2], it is easily seen 
that (£(3)")^ > 125 unless, maybe, for one of the following pairs : 

(4.9) ((7,rf) = (5,7), (6,5), (6,7), (6,8), (7,8) or (8,8). 

By the result of Catanese and Gotsche cited in 14.81 the bundle (£(3)")^ is very 
ample and so, there is no 4 -secant plane to the image ip\c\{C) of C under the 
embedding defined by the linear system |£| . In particular, we must have dim |£| > 
4 . 

On the other hand, d — g < 2 in all cases of (j4.9p . Therefore the linear system 
\£\ is special and different from the canonical one. Since C is neither hyperelliptic 
nor trigonal, Clifford's Theorem gives the strict inequality dim|£| < d/2 , which 
yields d> 9 . This excludes the six remaining possibilities as in ()4.9|) . □ 
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